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Last lecture

* Recipes of constructing tensors from graphs

* Three correspondences of structures
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Matrices of linear forms: where graphs and tensors meet

* You've (probably) seen matrices of
linear forms
- One way to encode 3-tensors

* From a graph, we can build
matrices of linear forms
- From Tutte and Lovasz

(1) : each variable appears
in (at most) one position;
(2) : each variable

appears in (at most) two positions.
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Tensor Isomorphism in cryptography

* Our current Internet security relies on and
*If a quantum computer was built, they would not be secure (Shors algorithm)

* NIST started the “post-quantum cryptography competition” in 2017

* The most recent call for additional digital signature schemes

* These problems resist current quantum algorithm techniques
[Hallgren-Moore-Rotteler-Russell-Sen]



Today's lecture: questions and techniques

* : universality in testing isomorphism of structures

- Directed graph iso, hypergraph iso, line graphs, homeomorphism of
2-complexes...

* Tensor Isomorphism: universality in testing isomorphism of algebraic structures?

- Polynomial isomorphism, group isomorphism, algebra isomorphism...

* Universality: either “containment” of orbit structures [Gelfand and Panomerav]
or polynomial-time reductions



Comparing orbit structures of different actions
* Gelfand and Panomerav used the following to compare group actions

* Suppose G acts on S and H acts on T. The latter action the former,
if there exists a map from S to T that preserves and respects orbits.

S T

* Leads to the tame-wild dichotomy in the representation theory of Drozd.



From group isomorphism to bilinear map isometry

* Group Isomorphism: p-groups of class 2 and exponent p via Baers correspondence

* Skew-symmetric bilinear map isometry: U V/: fin-dim vector spates over FFP

Input - Bilinear maps T.%: Uxu->V

Quiput - True if 3 ,BeGLiv), s Yu,uwe U, F(AM), Aw))= Blguu)
False otherwise

*S\,{,Ppouz U’_—:FP, \/’; H:'\,m. ”
f:ux U=V i stored on
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Bilinear map isometry
* Skew-symmetric bilinear map isometry: U, V: fin-dim vector Spates over FFP
\V‘P‘W - Bilirear ™mo.ps 'F: %’3 Uxu-V
Qutput - True it 3  BeGLiv), s+ Y, wel, SAW), Aw))= Blguu)
False otherwise

¥ Suppose Uz Fe, V& FPM
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Algebra isomorphism
* Algebra isomorphism problem: V: fin-dim vector space over fF
IV\PLAT - Rilnear ma ps $.94: VxV-V
Output Tyue ik 3 ,et.Vvve V. F(AW, Aw) = (‘3(\),\/'))
Falce otherwite.

* Imposing conditions (alternating, associativity, Jacobi) give associative or
Lie algebras

* Studied in theoretical computer science and computer algebra [Agrawal—
Saxena, Saxena—Kayal, Grochow, Brooksbank—Wilson]



Algebra isomorphism
* Algebra isomorphism problem: V\/: fin-dim vector Spae over F

|Y\PMT'~ Bilinear ma ps F.%: VxVV
Output Tyue it 3 cet.VuveV., FOAW, Aw)= A%, v)

Falie otherwiie.

* Computing with associative or Lie algebras [Ronyai, Ivanyos, de Graaf]
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Algebra isomorphism

* Algebra isomorphism problem: V\/: fin-dim vector Spoue over F
|Y\PMT - Bilinear mops F.%: VxV-V

OvdPu)" True it 3 ,ot. Yv.oveV. J"( (v), Alv)) = (%(\),V'))
Falce otherwiie.

* Computing with associative or Lie algebras [Ronyai, Ivanyos, de Graaf]

* Suppose V= F". P,Q]mmﬂ' f by its  structure ronstomts
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Cubic form equivalence
* Cubic form equivalence:
In];u‘l-: Cubic fovyms 'f', T € FUX, -, %]
Oueput : True if 3 e, W)= 4(Z 00K, - B0 X)

False otherwise

* Studied in multivariate cryptography [Patarin, Bouillaguet—Fouque—Véber, Beullens]



Cubic form equivalence

* Cubic form equivalence:

lh]?u‘l‘: (,Uj)ic ‘FOMS f‘, 7 (< W['X\) -, y’l\] .
Output = True f 3 A=) eblLin ), Fm, -, %) =g(g‘au.y;, --o,‘?::'an;x;)
folse othexwite.

* gv«.rpos?. char (F) £ 2or3 . §:F ~F.
Let $luv,w) = f(u+viw) = fFlusrv) - flurw) - $Flvew) + Flu) + Fv)+f(w)
’.f. cF < Fi 2o fF i & symmetvic Hrilinear form
i
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Cubic form equivalence

* Cubic form equivalence:

Ih]?u‘l‘: Cub{t ‘FOMS f‘, 7 (< W['X\) -, y’l\] .
Output = True f 3 A=) eblLin ), Fm, -, %) =g(g‘au.y;, --o,‘?::'an;x;)
folse othexwite.

¥ gurpow. chor (F) £ 2 0r 3. &3 -e,xo.minh\ca_ Symmetric i linean fovms
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A brief recap...
™ Gm
* class-2 exp-p
p-group iso: n F — n G
f.9:Uuxu-~V —
n n

* Algebra iso:

f.9:uxyu->Uu
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* Cubic form iso: [ n n
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Relations between group/algebra/cubic form iso?

* Can we compare group/algebra/cubic form iso?

* Warm up: can we compare the following matrix problems?

* Matrix equivalence:

Fy:u-Vv

* Matrix conjugacy:

3.9:u-U

- Suppose dim(U)=dim(V)=n, over alg. closed fields

- Matrix equivalence: n+1 orbits (by ranks)

- Matrix conjugacy: infinitely many orbits (by Jordan n.f.)

- Matrix conjugacy is than equivalence



Main result I

Theorem. [Futorny-Grochow-Sergeichuk, Grochow-Q, Grochow-Q-Tang] The
following actions on 3-way arrays are equivalent under containment:

* Tensor isomorphism (UxVxW->F).

* (Symmetric or skew-symmetric) bilinear map isomorphism (UxU->V).

* (Symmetric or skew-symmetric) trilinear form isomorphism (UxUxU->F).
* (Lie or associative) algebra isomorphism (UxU->U).



Main result I

Theorem. [Futorny-Grochow-Sergeichuk, Grochow-Q, Grochow-Q-Tang] The
following actions on 3-way arrays are equivalent under containment:

* Tensor isomorphism (UxVxW->F).

* (Symmetric or skew-symmetric) bilinear map isomorphism (UxU->V).

* (Symmetric or skew-symmetric) trilinear form isomorphism (UxUxU->F).
* (Lie or associative) algebra isomorphism (UxU->U).

* The constructions are efficient, i.e. the dimension increase is only polynomial,
and the procedures can be carried out by polynomial-time algorithms

* So classifying cubic forms and Lie algebras are “equally difficult”.

- This is the matrix case!



Main result II

* It is also natural to study k-way arrays, and to start with, consider

U,. uz., -, Ui vedtor Spocen WF, GLLU,)) x GL(U2) x - x GLLU.\-.)
noterally acts on Ui® U.®-® U

Theorem. [Grochow-Q] The 3-tensor action contains the k-tensor action for k>3.



Main result II

* It is also natural to study k-way arrays, and to start with, consider

U,, Us, =, Ui veetor spoces over F, GLLU,) x GL(U,) x - x GLiUW)
na‘l'wrall\q_ acts on Ui® U®-® U

Theorem. [Grochow-Q] The 3-tensor action contains the k-tensor action for k>3.

* 3_tensors are more difficult than 2-tensors (matrices)

"

* But when k>3, the orbit structures "

* Proof makes use of path algebras from representation theory.



Methods for relating the problems

* Two techniques for relating 3-way arrays under different actions: Gelfand-
Panomerav and gadget methods

* The gadgets are reminiscent of those used for colored graph isomorphism



Methods for relating the problems

* Two techniques for relating 3-way arrays under different actions: Gelfand-
Panomerav and gadget methods

* The gadgets are reminiscent of those used for colored graph isomorphism

- Star gadgets:

Degrees of red vertices
are large enough so blue
vertices cannot be
mapped to them




One example of the reductions

Goul o Given B % UxVXWSTF, tonstruct ;C\ é\ : SxS-T, skew—$\jmme¢vic
Such that I~ % wndor CLUD*GLOV) < GLOW) i T~ wnder GLS)<GLT)

Cometvuction Z_i:—*

dim(UW)= £ S=uevV

dm (V)= n = T=W

dm (W) =wm _

—

(Entvies outtice tha vegon e O ).



From tensors to bilinear maps

Cometvuction

dim(U) = £
CLWV\ (V) =nNn
Ao (W): m

(Cntvies outsice Haa \wjimn eve O).

* This construction does not work because
GL(S) may mix U with V. So we need:



From tensors to bilinear maps

Constvuction * This construction does not work because
dim(W = ¢ GL(S) may mix U with V. So we need:

CLWV\ (V) = nNn

dvm (W) =wmW ‘ 4 Jln;_l

RN A R—
S= uevV 4—— I ; E
Tow S &=
(Cntvies outsice Haa \recjiown eve O). @




Perfect matchings and non-zero determinant
Bip. 311:?\\ ’
= N\ochixoj linear forms /V\(:r = B +---+ Bp¥e, B; ¢Mln, FF)

Obs. hos o pexfect matching &) Det(Me) = O



Halls marriage theorem
Bip- groph :
= N\o«'hixo-j linear fovms /V\[:‘. = B +---+ Bp¥e, B; ¢Mln, FF)
Obs. hos o pexfect matching &) Det(Me) = O

Thm. [Han] hes o Pe/rfed vncd-ching_ &) has no shrunk cub et

Dot Given , S
is o shrunk subser Gj_ r, %
iF IS >IN, where .
N(s) is the X o’} “e%%)\kmm
%F S




Another correspondence between graph and matrix space structures
Bip. gmp\n
=) Ma‘hixoj linear fovms Mg = B, +--+ Ba %o, B; € Min, FF)

Obs. (& has o pextect matching &) Det(Mg) == O

Thm. [Hanl] hes o Pe/rfed W\cd-ching_ & hat no shrunk cub st

ProP. hoas a shrunk subset &) Mg hos o shrunk cubspoce

Sc ", dim(8) > dim (Mg(9))
Me(s)=span( U B(S))

im




A new question about matrices of linear forms
Bip. gmp\n
= N\a‘hixoj linear fovrms Mg = Bix, +--+ By %o, BjeMin, F)

Pro?. hos & shrunk subtet &) Mg has o shrunk subspace

Sc ", dim(8) > dim (Mg(2))
Me(s)=span( U B(S))

Question. Decide if a general matrix of linear forms has a shrunk subspace.

* Invariant theory [King, Blrgin-Draisma, Derksen-Makam], non-commutative algebra
[Cohn], analysis [Garg-Gurvits-Oliveira-Wigderson]...



Discrepancy when moving from graphs to tensors I

Ske =

2 aphe
bPHTP [0\0 000
S Ve

w / pejrfe ctr W\C&d\?na

|3 near madviten
W] shruwnk. subspag>

b}P graphs
QJ/ chr umbe bt



Discrepancy when moving from graphs to tensors I

Ske =

: aph
LD\P yrep [0\0 000
S Ve

w / [)Wffe ctr W\C&d\?na

|3 near madviten
W] shrunk. subspau

L}P gm.Phs
w/ dhy wnk. wubset™

* : efficient randomised algorithm. Open: a deterministic efficient one.

* Shrunk subspace: in P by [Garg-Gurvits-Oliveira-Wigderson], [Ivanyos-Q-
Subrahmanyam], [Hadama-Hirai]

- Useful in the Tensor Isomorphism algorithm by Xiaorui Sun



Linear algebraic alternating path method

* The Ivanyos-Q-Subrahmanyam algorithm for deciding shrunk subspaces:
-A method [Ivanyos-Karpinski-Q-Santhd]
- A “regularity lemma” for matrix space blow-ups (via division algebras)



Linear algebraic alternating path method

* The Ivanyos-Q-Subrahmanyam algorithm for deciding shrunk subspaces:
-A method [Ivanyos-Karpinski-Q-Santhd]
- A “regularity lemma” for matrix space blow-ups (via division algebras)

* Alternating path method on bipartite graphs:

|

- Suppose G=(LUR, E) is a bipartite graph
- MCE is a matching.

- Can we find a larger matching?

- Alternating path: a path that alternates
between matched and unmatched vertices
- If an alternating path starts and ends at
unmatched vertices... we can find a larger
matching!




Alternating path method: from graphs to tensors

G=(n1®In), E)

M= Bix+ -+ By e
R; e M(n,F)




Alternating path method: from graphs to tensors
(T: ([n] Win'), E) FESt:a matching

M= B+ - +By%e RB=0/B+---taeBy
R; e M(n,F)




Alternating path method: from graphs to tensors

Gr=(CmI®IN), E) FEck:a matching SSn]: unmatched (ot verties

M= Bix+ -+ By %e B=0B+ --+aeBs ker (B)
R; e M(n,F)




Alternating path method: from graphs to tensors

G=(n1®In), E)

M= Bix+ -+ By e
R; e M(n,F)

Fck: a ma’fohincj

B=0aB+---+aeBe

SSn]: unmatched loft vertices

ker(B)

T<[n']: matched
'rig\r\‘\‘ vertiwn

im (B)




Alternating path method: from graphs to tensors

G=(n1®In), E)

M= Bix+ -+ By e
R; e M(n,F)

Fck: a ma’fohinci

B=0aB+---+aeBe

SSn]: unmatched loft vertices

ker(B)

T<[n']: matched
'vitj\r\‘\' vexrtiwn

im (B)

A walk frem left to right
vie unmatdhed ed%%

Ve F" — M) .
= spon ( iL=)|Bi(V))




Alternating path method: from graphs to tensors

CT: ([n] Win'), E) FESt:a matching

M= B+ - +By%e RB=0/B+---taeBy

R; e M(n,F)

SSn]: unmatched loft vertices

ker(B)

T<n']: matched | A walk from left +o Yight”
'”‘:)M vertiwn vic unmatrdhed edg%

im (R) VeEF" — mv) .
= spon ( iL=)|Bi(v))

A walk from vight to
left via matched edges

WeF" - B (w)
=jveV|BWeW)



Linear algebraic alternating path method

* M’-Bl'xl*'”*g{’yz. P)=O(,B|+‘"+Q€B{

Vo=ker (B) = W, =M(Ve) D V=R (W) D Wa=M(V) D ---



Linear algebraic alternating path method

¥ M=B %+ + Be')ll.

Vo=ker(BY 2 W, =M(Ve)D V=R (W) We=Mm(V,)= -

¥ Wi g Wo § W2 & - GWe=Wen = ---

Lowma. We € Im(R) & 3 o shrunk subspate U st.
Am(U) - dim (MCU)) = Corank (B)

- [ lvwm/os - KMP(ML{ - Q- §M+kc\]



Summary

* to tensor isomorphism

- The question of equivalences between iso problems for algebraic structures
- Star gadget for vs Identity matrix gadget for tensors



Summary

* to tensor isomorphism

- The question of equivalences between iso problems for algebraic structures
- Star gadget for vs Identity matrix gadget for tensors

to tensor non-zero det
- The breakdown of Halls marriage theorem, and the shrunk subspace question
- Alternating path method and its linear algebraic counterpart



Summary

* to tensor isomorphism

- The question of equivalences between iso problems for algebraic structures
- Star gadget for vs Identity matrix gadget for tensors

to tensor non-zero det
- The breakdown of Halls marriage theorem, and the shrunk subspace question
- Alternating path method and its linear algebraic counterpart

* More structure correspondences?
* More graph-theoretic type questions for tensors?
* More linear algebraic counterparts of graph-theoretic techniques?
- Keep in mind that new phenomena and complications are there for tensors :)



And questions please :)



Linear algebraic alternating path method

* The Ivanyos-Q-Subrahmanyam algorithm for deciding shrunk subspaces:
-A method [Ivanyos-Karpinski-Q-Santhd]
- A “regularity lemma” for matrix space blow-ups (via division algebras)

* Alternating path method on bipartite graphs:
« G=(LUR,E) , MCE is & given mardmnt , ) = £\ M : edger notin M

So € L : unmatoned vertites
C ne,iﬁ\\\rmws oj'_ So Via Mvv\d-dr\e,de,die/)

- if- ontzany oon wnmatched vexfex , an wbﬁwxem‘\'hca_
Po&rh 1 foundl

— otherwite ...



Review of alternating paths on bipartite graphs
*(»T:(.L-U ,E))/\/\QEISQTMMQ"'&\{V\(’&) :E\l\/\;wge/sno’rin/\/\

So € L wunmathed vertites
c R : ne‘\ﬁ\,\m 03-' So via umvxcd-d/\ev\e,a\ie/)

(")}
8|QL:Y\\b.0‘} W mathed &

edﬁ%



Review of alternating paths on bipartite graphs

«+ G=(LUR,E), McE

is o 510&/\ ma*‘ch{n"a_ X = I_:_\ M < edges not in M

So € L : ummatoned vextites

C K neighhoun So via unmetthed edfen
8|§L:Y\~b.0'} Wi matthed
edges c K :nb. 0'3; S, vin wnmatched 2dgen
— Check if

ontains an unmetdned vextex
— Yes: wuc,memiv\fa Pﬁ"‘”\‘ No : tomtinue



Review of alternating paths on bipartite graphs

«+ G=(LUR,E), McE

is o 310&/\ ma*‘dn{n"a_ X = I_:_\ M < edges not in M

So € L : ummatoned vextites

C K neighhoun So via unmetthed edfen
. i f 5. 4
8|§L:Y\~b.0'} Wi matthed
edges c K :nb. c} S, vin wnmatched 2dgen
— Check if

ontains an unmetdned vextex
— Yes: wuc,memiv\ﬁd ?ﬁﬂ\‘ No : tomtinue

: SToP f wm\moa:mo\h)neo\ venH
amd ¢ TWUTLY -V



Linear algebraic alternating path method

X @:SP(‘AX\{%\,“\,%W\HEM(B/F)- Cé@

§3=b@r(C)Q\F“
!

“wnmatched verxtices"



Linear algebraic alternating path method

= spcm{%\,“\, BRBm)lSEMIn, F) Ce

So=ker(C) cF" = () = span { Bi(So)U-~UBA(S.) ] € "



Linear algebraic alternating path method

= span{ By, >, B 1 EMIn, F). Ce

So=her(C) ¢ F" = () = span { Bi(So)U-~UBA(S.) ] € "

—F T1¢m(C ), con compute D €5 of larmer vank

— Otherwise .--



Linear algebraic alternating path method

= span{ By, >, B 1 EMIn, F). Ce

So=ker(C) ¢ F" = (5(8:) = span { Bi(Se)U-+URL(5.) ) € Im(C )

C-\
—

Si= CHT ) ={vef| CweT}



Linear algebraic alternating path method

= span{ B, -, BV EMIn, F). Ce

So=her(C) ¢ F" = (5(80) = span { Bi(So) U+ URW(S.) | € Im(C )
c-

=

(1) ={vef| Cyer )

= (61)
-~ Cb\edﬁir- i\m(C)
— Yes : ommot Bnd D of larger vanl 0n (>
hwi'"do L @@M(V‘/F)h

— N9 1 onitnue



Linear algebraic alternating path method

X :SP(‘&X\{%),“\,%M\EM“\/F). Ce

So Zb?/‘(‘(C) c \Fn - (So) - = gPan-\%,(So\U-"U%m(Sg)] c ﬁ:v‘

C*l
—

S\=C (T ) ={vef| CwieT |
= (61)

SToOP it = e im(C)

Lewmmea . [lvw\yoc—— KowFimlef— Q- gwwl'kc\] has o shrunk W.bSPOuQ 03 (’ja/)) CUYCW\K(C)
ff 34, =1 e im(C)



